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Two Methods for Calculating the Velocities
Induced by a Constant Diameter Far-Wake

D. H. Wood* and C. Meyert
University of Newcastle, Newcastle, New South Wales, 2308, Australia

This paper describes two methods for calculating the velocities induced by the constant diameter helical
vortices that occur in the far-wakes of helicopter rotors in hover or vertical flight, propellers, and horizontal-axis
wind turbines. The velocities involve infinite integrals which, in general, cannot be integrated analytically. In the
first method, each integral is evaluated numerically up to a finite limit and the remaining integral is approximated
by an analytical function. The integrand of each function, or ‘‘remainder,”’ is found by summation over all of
the vortices shed at the same radius. Numerical experiments show the remainders have a computational efficiency
similar to those derived previously. The main features of the present remainders are simplicity and versatility.
Furthermore, the remainders can replace numerical integration in some special cases. In the second method, the
range of integration is made finite by transforming the integrand into one containing an infinite sum. The sum
is approximated using the Euler-Maclaurin formula, and the resulting integral is evaluted numerically. The
method is more cumbersome than the first but is robust, very accurate, and should be particularly useful at small

vortex pitch.

Nomenclature _
F,,...,F = remainder functions defined in Eq. (12)
I,,1,,I, = integrals that determine u;, v;, and w;, see
Egs. (1-4)
rL,.I,,I, =remainders used in Method 1, see Eq. (5)
I,,1,,I, = integrands defined in Eqs. (2-4)
1,.1,,I, = integrands of remainders, see Eqs. (11) and
(14)

N = number of blades

D = vortex pitch

R,R(j,N) = lengths defined in Eq. (6) and Eq. (2),
respectively

R, = length defined in Eq. (15)

r = radius

u;,v;,w; =x,y,z velocities (respectively) induced by the
trailing helical vortices

X =pl+x,—Xx;

X,V,2 = coordinate directions defined in Fig. 1

o =0+0v—0i+27l'j/N

o7} =0+0,—0;

5 = r;r,/R?

€ = absolute error in approximating 1,,7,,1,,

T = trailing vortex strength divided by tip radius

0 = angle defined in Fig. 1

Om = upper limit for finite integrals, see Eq. (5)

0o = initial interval in integration of I,,,7,, and I,

Subscripts

i = point at which induced velocities are required

J = blade number (not number of blades)

m = value when 6=46,,

v = refers to trailing vortex

Introduction

ODERN computational models for helicopters in hover
or vertical flight, propellers, and horizontal-axis wind
turbines share many features. Of interest here is the far-wake
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that, in each case, can be assumed to contain a number of
helical vortices of constant pitch and diameter, e.g., Lan-
grebe,! Kerwin,? Hess and Valerazo,®> and Valerazo and
Liebeck.* Any such vortex is part of a symmetrical system of
vortices trailing from the N blades spaced 27/N radians apart.
They influence the flow over the blades through the Biot-
Savart law that gives the three induced velocities in terms of
infinite integrals. Unfortunately, these integrals have no gen-
eral analytic solution, and so their evaluation requires some
form of approximation. Perhaps the simplest approximation is
to replace the helices by a number of short, straight vortex
segments whose induced velocities are easily calculated, e.g.,
Afjeh and Keith® and Kerwin.2 Chiu and PetersS criticized this
method on the grounds of numerical accuracy. However, the
accuracy is probably comparable to that usually achieved in
modeling the blades; for example, the classical panel methods
of Smith and Hess” and Hess® use flat rectangular panels to
represent curved blade surfaces. The main problem would
seem to be in deciding how far downstream to continue the
vortex segments. Other methods that replace the helices by
analytically tractable vortices include those of Miller® and Hess
and Valerazo.? These methods involve either special functions
or algebraic approximations to special functions.

Alternatively, the integrals can be treated directly, by the
approach pioneered by Rand and Rosen!® and developed fur-
ther by Graber and Rosen!! and Chiu and Peters.® Each inte-
gral is evaluated numerically up to a finite limit, and to this is
added an analytic ‘‘remainder’’ approximating the integral
over the remaining infinite range. In Refs. 6, 10, and 11, the
remainder is the sum over all blades of a mean of the upper and
lower bounds to the integral for each blade. The remainders
are very efficient computationally; for example, their use can
reduce by two orders of magnitude the amount of numerical
integration necessary to achieve a reasonable accuracy.® Wood
and Gordon!? obtained alternative remainders by summing
over the N blades before integrating. Their remainders are
considerably simpler than those in Ref. 6 but are not as effi-
cient computationally, especially at small values of vortex
pitch.

This paper describes two methods for the calculation of the
induced velocities. The first (Method 1) is a generalization of,
and an improvement on, the method of Wood and Gordon!?
for N = 2. Their remainders are the leading terms in the series
derived here. For small values of vortex pitch, the additional
terms in the series result in a computational efficiency com-
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parable to that obtained by Chiu and Peters.® The first major
feature of the new remainders is the ability to alter the number
of terms in the series to obtain a desired accuracy. Second, but
perhaps less important, they become simpler as N increases,
whereas the computation time needed for the remainders of
Refs. 6, 10, and 11 is proportional to N. It is also possible that
the remainders can replace numerical integration in some spe-
cial cases that are noted later. However, as pointed out by a
reviewer, the existence of these special cases is not likely to
reduce significantly the amount of numerical integration re-
quired for the analysis of a real blade or rotor.

The second new method (Method 2) is based on rewriting the
infinite integral for each vortex as an integral containing one
or more infinite series. These series are summed exactly up to
a finite limit, and the remaining infinite sums are approxi-
mated using the well-known Euler-Maclaurin summation for-
mula. The finite integrals are evaluated numerically. The pro-
cedure seems particularly suited to small vortex pitch, where
" the analytic remainders are least efficient.

Method 1 is described in the next section. This is followed by
a discussion of its use, based mainly on the test case used by
Chiu and Peters.® Method 2 is then described. The subsequent
section contains a general discussion of the two methods and
the final section has a summary and conclusions. All of the
programs used here for N =2 can be obtained at no cost by
writing to the first author.

Method 1: Analytic Remainders

The axial velocity induced by the vortices at radius r,, trail-
ing from the N blades is given by

F o
Uy = - L (N) = —§ L(N) d8 M
47 47 Jo
where
. ry —r; Cosa;
= =r Yt )
LN = TLUN) =1 D550 @
and

R*(j,N)Y=r? +r? = 2rr, cosa; + X?

Throughout this paper, all lengths are normalized by the tip
radius and an unspecified summation is over j =0 to N -1,
where j is the blade number. Most of the symbols used in Egs.
(1) and (2) are defined in Fig. 1, which shows a typical paneling
of a blade for a boundary integral analysis and part of one
trailing vortex. In this model, trailing vortices form at all panel
junctions at the trailing edge. They then either expand or con-
tract in the near-wake—close to the blades—before reaching
the far-wake where r, and p are constant. The far-wake ‘‘be-
gins’’ at a streamwise location of Xx,, which is included in the
definition of X. It is emphasized that Eq. (2) and Egs. (3) and
(4) are valid only for the far-wake; the corresponding equa-
tions for the near-wake are considerably more complex. Simi-
larly, the remainders that we now derive are valid only for the
far-wake. ‘

The other induced velocities, v; and w;, are obtained from
Eq. (1) by replacing 7,(N) by I,(N) and I,,(N), respectively,
where

pz;i —pry cos(a; +0;) — Xr, sin(ey; +6;)
IL,(N)= "
~M=YX RG.N) (3)
and
L(N)=T —py; + pr, sin(o; +8;) — Xr, cos(a; +6;) @

R(j,N)
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The basis of Method 1 is the rewriting of Eq. (1) as

Om

L,(N) = S I,(N) dé + I,(N) ®)
0

where the integral, with some upper limit 6,,, is evaluated
numerically and 7,,.(N) is the analytic remainder approxi-
mating the integral over the range 8,, <6 < co. The obvious aim
in deriving I,,(N) is to maximize the computational efficiency
by minimizing the #,, necessary to achieve a specified accu-
racy. One way to obtain an equation for I,.(N) is to expand
R 3(j,N), using

R*(j,N) ='R2[1—26 cosay] ©)

where R2=r? +r2 + X2 and 6=r;r,/R?. Thus, R ~3(j,N) can
be expressed as

R-¥,N)=R —3[ 1+ Y by cos"aj] 0]
k=1

where b, =38, b,=(15/2)8%, b;=(35/2)8%, and b,=(315/8)5%,
etc., and, crucially, R —3is independent of j. This expansion of
R ~3(j,N) is not unique: another is given in Eq. (17) in devel-
oping the second method, and Andersen and Andersen!? use
an expansion containing intégrated Bessel functions. Equation
(7), however, leads to simple analytic remainders, whereas the
other expansions do not. Thus, 7, for each blade can be written
as an infinite series:

L(j,N)= [a0+ (@, + aph)) cosey; + (aphy + a1 b)) costa;

+(aobs + @1by) cos’ax; + (aoba+ a1 bg) cos’oy; + - ]R3 (8)

where ay=r2 and a, = —r;r,. An analytical integration of Eq.
(8) is precluded by the cosine or o terms. They are all of the
form cos™c;, where n is an integer, so that each can be equated
to a sum of terms of the form coska;, where k is also an
integer. Many of these terms cancel when the integrands are
summed over the N blades before integrating, because Eq.
(1.341.3) of Gradshteyn and Rhysik'4 requires

Y coska;=0  if k is not a multiple of N

= N coskayp if k is a multiple of N ®

where o= 0+ 6, — 0;. Equation (9) removes, for example, the
leading o term whenever N =2, and all of the odd-power terms
when N is even. The even-power terms are treated as in the
following:

¥ costa; = [3N +4% cos2e; + 1 c0s4aj]/8
= [3+4 cos2ap+cosdag] /4 for N =2
=9/8 for N =3

= [3+ cosday /2 for N =4 10)

trailing edge
leading edge

BLADE
] no. j

Fig. 1 Coordinate system for wind turbine. View is downstream at
blade; the axial or x direction is into page. Typical distribution of
panels on lower surface is shown. Blade is rotating clockwise.
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where the result for N =3 is included for generality. As sug-
gested by Eq. (10), the form of the remainders generally sim-
plifies as N increases. Using the result for N =2, and others
like it, the terms appearing explicitly in Eq. (8) can be summed
to give the integrand for the remainder

15 105 945
Iur(2)={|:2r —3r,rv6+—2— ZBZ—TrIrv63 __32 r264:l
15 05 945
|:3rzl'v5— ? r262:| cos2ag— [_8_ rr,83— _3_2_ 254]
1
X [c052a0+ 4_1 cos4a0]}R -3 an

Thus, I,,(2) is a finite approximation to the infinite series
representation of I,(2). Equation (11) gives the highest order
approximation that is considered here, but it is obviously pos-
sible to extend Eq. (11) to any arbitrary order. The remainder,
L,.(2), is the integral from 6, to infinity of Eq. (11). The
integration involves further approximations, restricted this
time to the treatment of the o terms.

Using the substitution recommended on p. 81 of Ref. 14, the
integrals of the algebraic terms are of the form

1

(1 — tZ)(k—a)/Z dr

PFecy =S R-42dX = (r} +r3)<‘-’f>/25
X X/ Ry

since dX =pd6. For the values of the integer k necessary for
Eq. (11),

Fy=x/(r} +r})

Fy= (o —x3)/(r} + 1}y

Fo=(x;—2x3+ x5)/(r} +r})

Fg = (x,=3x3+3x5—2x7)/(r? +r2)*

Fig = (1 — 423+ 6x5— 437+ X5)/ (r? + 1) (12)
where for any odd integer n, nx, =1—(X,,/R,,)". Integration
of each « term by parts leads to an infinite series in powers of
p. Since the algebraic terms give a contribution to 7,,.(2) that
is proportional to p !, and experience shows that only the

- low-order « terms are important, the series is truncated at p!.
Thus,

/ 15 105
I,(2)= % [ZFZ— 3r2Fy+ = r?r}Fg— — ririF;

2 Y 8
945 3r2rt 5r2
+ e ri r4F10] 2}23: [(1 2R2 sin2og,,
SpX, 7r?
- 2R2”' (1 2R2> cos2ao,,,] 13)
m

Equation (13) can, of course, be extended to any arbitrary
order, but that shown is the highest considered here. The F>,
or zeroth-order term, is the only one given by Wood and
Gordon,!2 who ignored the series in Eq. (7). The importance of
this term follows from
I,(N) = NriFy6,, =0)/p if r,=0

which can be obtained readily from Eq. (1). Thus, F; is the
dominant term if r; <r,, whereas F, and F, terms dominate if
r,<kr;. These are the special cases where the remamders can
possibly replace numerical integration.
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Because Eq. (9) remains valid if the cosine terms are replaced
by sine terms [see Eq. (1.341.1) of Ref. 14], a similar analysis
is possible for I,,.(2). To the same order as in Eq. (11), this
gives

: 15 105
L. = y,.[ ~2F,+3riF,— o i Pr2Fg+ 5 T PriFg
4 r2 15r2r2
L) ririFe z r‘; 1+ Dty :V
32 PR, 8R,,
3r2 X,
2"R [z sin2aom +y; cos2aom| (14)

where the algebraic term containing p~! comes from
Xr, cos(c; +6;)/R ~3 in Eq. (4), which has no counterpart in
Eq. (2). Again, the F, term was the only one given by Wood
and Gordon.!? Only the lowest order « term is included, as
experience showed the others were not needed. The equation
for I,,(2) is obtained from Eq. (14) simply by replacing z; and
y;with y; and — z;, respectively, and so will not be given. There
is, therefore, a considerable number of terms common to the
three remainders, and this reduces the time required for their
evaluation. :

Discussion of Method 1

The expansion of Eq. (7) will be efficacious only when
26<1, whereas 26 can have any value between zero and unity,
with the latter occurring when r; =r, and X =0. Therefore, the
computational efficiency, which should increase with N for the
reasons given following Eq. (10), should also depend on r; and
r,. Our numerical experiments showed the worst efficiency
occurred typically when r, =2r;/3, N =2 and small p. For this
reason, the parameters used for demonstration by Chiu and
Peters®—r; =0.9, r, =0.6, 6; =0, =7/2, x;=x,, p=0.05 and
N =2—constitute a test of the present method that is close
to the worst possible. We will discuss I,,(2) first. Figure 2
shows I,(2) and I,,(2) defined by Eq. (11) for these param-
eters. The dotted lines show the relationship between 7,(2),
I,(2) and the bounding functions used to determine the
remainders of Refs. 6, 10, and 11. Since the only nonzero «
terms in the series expansion of ,(2) contain even powers of
cosag, I,(2)=2r2/R? whenever cosap=0. Thus, 2r2/R? is
always an exact bound on 7,(2), but not always the upper
bound shown in Fig. 2. Similarly, when cosaqpy=+1 or
cos?og =1, Eq. (11) approximates the other bound as shown in
the figure. (The difference between this approximate bound
and the minimum values of the dashed curve is due to the
truncation of the « terms in Eq. (13), as described in the text
preceding the equation.) Unfortunately, this neat relationship
between I,,.(2) and the bounds to I,(2) does not carry over to
the other components or to 7, (N) for N>2. 1,,(2) and 1,,,(2),
defined by Eq. (14), are shown in Fig. 3.

Chiu and Peters® demonstrated the usefulness of their re-
mainders by finding the value of 8,, that gave an absolute error
e of 10~ for all three integrals. (In this paper, all errors are
absolute errors.) For the test case defined earlier, 8, varied
between 157 and 20w, depending upon the component,
whereas nearly 100 times these values were required for similar
accuracy without using the remainders. Because it is simplest
to calculate I, I,, and I, concurrently in an actual aerody-
namic program, and ,, would be an input parameter, the small
variation in 8,, between components is highly desirable.

Similar calculations for the present remainders are summa-
rized in Table 1. Each integral was evaluated first from #=0to
0=0, and then in steps of x; ,=w for the results in Table 1.
The integral plus remainder was then compared to the ‘‘exact’’
value (including the remainder) after 400 steps. The results
show the effects on 6,, of varying the order of both the F terms
and o terms. With F, only, the values of 8, for I,(2), 957 and
1,,(2), 597 are similar to those given by Wood and Gordon, 2
but the result for 7,(2) is not. The reason is that no F term
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Fig. 2 I,(2) (solid curve) and integrand for I,,(2) as defined by Eq.
(13) (dashed curve): p =0.05, x; —x, =0, 8; =0, ==%/2, r;=0.9, and
ry =0.6; dotted lines show bounds to I,(2) as explained in the text.
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Fig.3 1,(2) (solid curve) and integrand for I,,,(2) as defined by Eq.
(14) (dashed curve): p =0.05, x; —x, =0, 0; =6, =x/2, r;=0.9, and
ry =0.6.

contributes to I,,(2) when z; =0, as in the test case, so the

remainder is dominated by the equivalent of the second brack-

eted term in Eq. (14). This term was not considered in Ref. 12,

which resulted in a much larger 6,,. Increasing the order of the
- F terms generally reduces 8, for I,,(2), but increasing the order

of the o terms has no effect, whereas nearly the opposite

occurs for I,,(2). The small difference between 6, for Fg and
, Fjpsuggests that there would be little point in further extending
the order of the F terms. At face value, the effect of increasing
the order of the « terms on 7,,(2) does suggest the importance
of higher orders, but this was found not to be the case. The
results in Table 1 indicate that the present remainders should
give a computational efficiency similar to that achieved in Ref.
6. As p increases, the order of the F terms can be reduced while
maintaining a very rapid convergence. As an example, with
p =0.2 but with the other parameters as above, 6, for I,(2)
was 6n for Fg, Fg, and Fy,.

No use has yet been made of a unique feature of the present
remainders—the retaining of some o« dependence. The possi-
bility of exploiting this feature was investigated using the test
case (with p =0.05) and choosing 8, to be a fraction of 7. Some
reductions in 6,, could be achieved, such as to 8.25x for 1,,(2).
However, there seemed to be no clear pattern to the reduc-
tions, and the large ones seemed to be special cases, in the sense
that the quoted reduction in 8, for I,,(2) did not occur when
the same 6, was used for the other components. For the rea-
sons given earlier, only a reduction in 6,, for all components is
likely to be useful. Generally, the inclusion of the o terms did
not have a large effect on §,,, apart from making it less sensi-
tive to the value of 6,.- This observation is supported by the
behavior of the remainders for N =4, which are obtained from
Eqgs. (13) and (14) by doubling the right side and removing the
terms containing cos2agn,, as suggested by Eq. (10). This
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Table 1 0, for e<10-4 as a multiple of =
for p =0.05,r;=0.9, r, =0.6, 0; =6, =x/2, N=2

Highest Fterm I,(2)2 IL,(Q2Q)® I,2)? L(2)¢ LQ2)* L)

None _ - - R 18 18
F 95 95 59 45 R -
Fa 34 34 53 24 . _—
Fs 23 23 53 18 — J—
F3 13 13 53 17 -
Fo 17 17 53 17 - -

ag,, without o term. %6, with p°, p! « terms. ©6,, with p® o term.

" halves the period of I, and I,, and reduces the effect of the

o terms. Nevertheless, the values of 8,, were not significantly
different from those given in Table 1.
It is possible that 8,, depends nonlinearly on the algebraic

* and « terms, as suggested by the minimum 6,, in Table 1
- occurring for Fy rather than F;,. Consider the following rough

argument based on Fig. 2. The difference between the exact
bound and the integrand of I,,,(2) depends on the order of the
algebraic terms, whereas it was mentioned previously that the
difference between the approximate bound and the integrand
depends on the order of the « terms. Thus, the two orders
could be adjusted to ‘‘center’’ the integrand and so reduce 0,,.
The efficacy in doing this is probably restricted to the axial
velocity because the algebraic terms are usually not important
for I, and, generally, it is not possible to construct useful
bounds for the integrands; recall that 1,(2) is a special case in
this regard.

It was noted in the previous section that the remainders with
0,» =0 can replace numerical integration when r; <r,or r, >r;.
A similar replacement is possible if the far-wake begins suffi-
ciently far from the blades, that is, when x, —x; is large.

Method 2: Euler-Maclaurin Summation
The infinite integral in Eq. (1) can be rewritten as a finite
integral of an integrand containing the sum of an infinite
series. Thus,

2

L(j,N)= rvg [ro—ri COSaj][ iof(0+21rk):| @ (15
0 k=

where
f6+27wk) = R-30+27k) = [R2+(X + 27 pk)?]~32
R2=r} +rk —2ryr, cosa;

and, for this section only, 6 is limited to the range 0<0=<2x.
Note that R, is not defined as a function of j to emphasize that
the summation must be performed separately for each vor-
tex, and there is no further summation to zero as in Method 1.
The sum (for each blade) can now be approximated using the
Euler-Maclaurin formula:

- ’ __1_ z l ’ _112 rn!
kgof(o +27k) = Py L’f(S)dS+ 2 SO -~ 16

(xpy

(1rp)3 .m / U
SO - 945 SYO) + oo (16)

" 50

where X’ is X at 0/, s is a dummy variable, and all derivatives
are with respect to X. The use of 6/, rather than 6, indicates
that Eq. (16) is not restricted to angles less than 27. Equation
(16) is valid only when f(6’ + 27 k) is infinitely differentiable,
and f(0’ + 2wk) and all derivatives tend to zero as k — . (Note
that infinite differentiability is a feature of any solution to
Laplace’s equation.) In addition, it is useful only when f(s)
can be integrated analytically. Fortunately, all of these condi-
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tions hold for f as defined by Eq. (15). Performing the integra-
tion gives

.- 1 XI
-39’ +27k) = —— | 1-
L R0+ 27k 2wa§[ R(o')]

R73@)

+— + 2,09 an
where
. wpx (1 @pp [ 1x7
2x®)= 25 {2 T2RA0) [ 3R2(0’)]

(xp)* [g 10X’2+11X"’] e
RY0) |3 R20’)  R*0)

and R(0’) is R at 8’. Note that Lz(0’) is a sum in odd powers
of p and so only a few terms should be needed. Only those
terms shown explicitly in Eq. (17) were considered in this
study. The distinction between 6 and 6’ can now be exploited;
for any 8, the series can be summed exactly up to 8’ =0+ 2xm,
where m is an integer, and the remaining sum can be approxi-
mated by Eq. (17). For the integrand of Eq. (15), this gives

Y R30+27k)= Y R-30+2nk) + RHS of Eq. (17)
k=0 k=0
for 0’ =0+ 2mm (18)

Equation (18) is similar in form to Eq. (5), which is the basis
of Method 1. However, neither of the terms in Eq. (18) leads
to analytical integrals, and so the final component of Method
2 is a numerical integration.

To calculate the other induced velocities, an additional sum

if(0+21rk) where f=(X+2xk)R30+27k)
k=0 '

is required. Fortunately, it is amenable to the same techniques,
so that Eq. (16) gives

1

30" +2mk) = ————
Z (X +2mplOR 0" +27k) = - pos

1 , ®D ams , ,
+ 5(X —T>R )+ X' X067
(@pP {1  X?*  Sap)

R%9")

T R@H|10 2R%@) T

[L_ 2X2 +_)fi] 9
X121 73Ry T RYOH| (T 19

which is analogous to Eq. (17). Again, only the terms shown
explicitly were used, the resulting integral has to be evaluated
numerically, and there is no summing to zero when N =2, so
each vortex must be treated separately. This is the second main
difference from Method 1. The third difference is that Method
2 does not have separate algebraic and o terms.

General Discussion

The observations at the end of the last section suggest that
Method 2 will, in general, be less efficient than Method 1.
Nevertheless, it does offer certain advantages. Our numerical
experiments showed that the method gave accurate results for
all three components with 7 =1 over the range 0.05<p <0.5,
with the other parameters as before. Some fine tuning would
probably reduce the order at high p, but we did not pursue this
because Method 2 is more appropriate at small pitch, for the
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1(2)

1 1 I
0 057 1-0m 1.-57 2-Om

6

Fig.4 Integrand for I,(2) from Method 2: x; —x, =0, 0; =6, =7/2,
ri=0.9, and r, =0.6; solid curve for p =0.05, dashed curve for
p=05.

reasons contained in Fig. 4, where the integrand is plotted
from Eq. (18) for p =0.05 and 0.5. 1t is obvious, as it is from
the plots for the other velocities not shown, that the integrands
tend toward periodicity as p decreases. Periodicity suggests the
use of the trapezoidal rule, which is simple and easily imple-
mented with interval halving to achieve a specified accuracy.
Furthermore, the accuracy is specified over one interval only.
Of course, the integration in Method 1 could be done over only

. one interval, but this would require prior knowledge of 4,,.
_ Both the trapezoidal and Gauss-Legendre rule have been used

with Method 2; the latter is better suited to higher values of the
vortex pitch.

Method 2 is the more general and robust and appears par-
ticularly useful as a test for other methods. As an example,

- the results in Table 1 were obtained using Romberg inte-

gration, with an error per step that was hopefully small enough
to give an overall error of less than 10~¢ using double preci-
sion. This gave I,(2) = —2.0x 104, whereas Method 2 gave
—1.9x 1074, which agrees with the value given by Chiu and
Peters.® The difference here is due to the accumulation of
round-off errors in the Romberg method. Although the differ-
ence, about 1015, is too small to affect the results in Table 1,
it does serve as a warning of possible numerical problems.

We have not attempted a detailed comparison of our re-
mainders with those of Ref. 6 because the comparison will
depend partly on factors other than the form of the remain-
ders, such as the integration method. Instead, copies of all of
the programs used here for N =2 can be obtained without cost
from the first author.

Summary and Conclusions

This paper describes two methods for numerically evaluat-
ing the infinite integrals for the velocities induced by constant
diameter helical vortices. These occur in the far-wakes of wind
turbines, propellers, and, in some cases, helicopter rotors.
Both methods use an analytic approximation to avoid the in-
finite range of integration. In the first method, the integrand
for each vortex is expanded as a series, and the integrands of
all vortices of the same radius are summed prior to integration.
This reverses the order used in deriving the remainders of Refs.
6, 10, and 11, and has the advantage of canceling many terms.
The terms that do not cancel are either ignored or integrated to
give the analytic remainders of Eqs. (13) and (14). At small
values of vortex pitch the computational efficiency is similar to
that achieved by remainders formed from bounding functions
(Refs. 6, 10, and 11). As the pitch increases to values typical of
propellers and wind turbines, Egs. (13) and (14) can be simpli-
fied while maintaining rapid convergence. In certain circum-
stances, such as when the far-wake begins sufficiently far from
the blades, the remainders can totally replace numerical inte-
gration. .

Method 2 is based on recasting the infinite integral as a finite
one whose integrand contains one or two infinite series. Each
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series is summed exactly up to some limit, and the remaining
sum is approximated using the Euler-Maclaurin formula. Nu-
merical integration is always needed, and the method is more
cumbersome in that each vortex must be considered sepa-
rately; there is no summation to zero, as in Method 1. How-
ever, the implementation of Method 2 is less sensitive to
changes in vortex pitch and to the angle dependence of all of
the integrals, so it can be relied upon to give accurate results
over a wide range of parameters. As p decreases, the inte-
grands tend toward periodicity and can then be integrated
quickly and accurately using the trapezoidal rule.
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